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Abstract
A classical exchange algebra of the superstring on S5 with the AdS-time is shown
on the light-like plane. To this end we use the geometrical method of which consis-
tency is guaranteed by the classical Yang-Baxter equation. The Dirac method does
not work, since there are constraints in which first-class and second-class constraints
are mixed and one can hardly disentangle with each other keeping the isometry.
PACS: 02.20.Uw, 04.20.Fy, 11.10.Lm, 11.25.Tq
Keywords: Classical Yang-Baxter equation, Canonical formalism, Superstring,
AdS5 × S
5
∗e-mail: spsaoya@ipc.shizuoka.ac.jp
1
1 Introduction
The AdS/CFT correspondence between the type IIB string theory on AdS5 × S
5 and
the N = 4 supersymmetric QCD is one of the subjects which have been discussed with
great interest in the last decade. The study of such string/QCD duality has a long
history going back to the late 70’s[1]. The AdS/CFT correspondence[2] is the most
clear-cut assertion of string/QCD duality given ever since. Correlation functions were
extensively studied on both sides of the correspondence to check the duality. Later on
people discovered a remarkable relationship between the N = 4 supersymmetric QCD
and the Heisenberg spin-chain systems. Namely they claimed that chains of scalar fields
of the former theory can be identified with spin-chains of the latter by calculating the
anomalous dimension and the energy for the respective chains[3]. No doubt integrability
of both chain systems is involved behind this phenomenon. From the AdS/CFT duality
we are then lead to demand a corresponding integrability on the string side. It is well-
known that the XXX Heisenberg spin-chain is equivalent to the O(3) non-linear σ-model
at the thermodynamical limit[4]. Therefore it is quite natural to consider the type IIB
string theory on AdS5 × S
5 as a non-linear σ-model and suspect its integrable structure.
Indeed many works have been done about integrability of non-linear σ-models on S5 and
AdS5[5, 6].
Exchange algebrae based on the Yang-Baxter equation are also characteristic for inte-
grable systems. This aspect of the type IIB string theory on AdS5×S
5[7] attracted much
attention in connection with higher-loop integrability of N = 4 supersymmetric QCD[8].
In this paper we will shed a light on the subject from a different angle. The following
action is a part of the type IIB string theory on AdS5 × S
5
S =
∫
d2ξ
[ 6∑
a=1
∂µMa∂µM
a − ∂µX0∂µX
0
]
, (1)
where X0 is the AdS-time and Ma are fields constrained on S5 by
∑6
a=1M
aMa = 1. It is
supplemented by the Virasoro constraint
∂±M
a∂±M
a = ∂±X
0∂±X
0.
With a gauge X0 ∝ t the action (1) becomes the non-linear σ-model on S5[9]. The aim of
this paper is to show, though at the classical level, in a rather simple way the exchange
algebra for the non-linear σ-model on S5
{Ma(ξ+, ξ−),M b(ξ+, ξ′−)}
= −
1
4
[
θ(ξ− − ξ′−)r+ + θ(ξ′− − ξ−)r−
]ab
cd
M c(ξ+, ξ−)Md(ξ+, ξ′−). (2)
Here { , } is the Poisson bracket on the light-cone plane ξ+ = const. and r± are the
classical r-matrices given in the fundamental representation of SO(6), which satisfy the
classical Yang-Baxter equation.(See eqs. (9) and (10).) As a deformation of (2) we might
2
think of a quantum exchange algebra
Ma(ξ+, ξ−)M b(ξ+, ξ′−)
=
[
θ(ξ− − ξ′−)R+ + θ(ξ′− − ξ−)R−
]ab
cd
Md(ξ+, ξ′−)M c(ξ+, ξ−),
by extending the classical r-matrices to quantum R-matrices as
R± = 1⊗ 1 + h¯r± +O(h¯2).
with h¯ = −1
4
. The similar classical exchange algebrae in the canonical formalism were
discussed for the 2-dimensional effective gravity in the literature[10]. We will proceed the
arguments exactly in the same way as for that case.
2 The Poisson structure
We shall consider non-linear σ-models on the coset space G/H , which are given by the
action
S =
∫
d2ξ L =
1
2
∫
d2ξ ηµνgij(X)∂µX
i∂νX
j, (3)
in the 2-dimensional flat world-sheet. The energy-momentum tensor and the isometry
current are respectively given by
Tµν = gij(X)∂µX
i∂νX
j − ηµνL, J
A
µ = R
A
i(X)∂µX
i.
Here RAi are the Killing vectors of the coset space G/H , which non-linearly realize the
Lie-algebra of G as
−RAi,jR
Bj +RBi,jR
Aj = fABCR
Ci, (4)
and satisfy the Killing equations
RA{i;j} ≡ R
A
i;j +R
A
j;i = 0. (5)
The non-linear σ-models (3) have conformal invariance and isometry so that
T+− = 0, ∂+T−− = 0, ∂−T++ = 0, ∂+J
A
− + ∂−J
A
+ = 0,
due to the equation of motion
∇µ∂µX
i ≡ ∂µ∂µX
i + Γijk∂
µXj∂µX
k = 0. (6)
We study the canonical structure of the models on the light-like plane setting up the
Poisson brackets. It can be done by the geometrical method formulated in [10]. Namely
3
we may set up the Poisson brackets {X i, Xj} on the light-like plane ξ+ = const. so as to
be able to correctly reproduce the diffeomorphism as
δdiffX
i(ξ+, ξ−) ≡ ǫ(ξ−)∂−X
i(ξ+, ξ−)
=
∫
dζ−ǫ(ζ−){X i(ξ+, ξ−), T−−(X(ξ
+, ζ−))}, (7)
Here ǫ(ξ−) is a local parameter of the transformation. It turns out that they are given in
the form
{X i(ξ−), Xj(η−)} = −{Xj(η−)X i(ξ−)}
= −
1
4
θ(ξ− − η−)t+ABR
Ai(X(ξ−))RBj(X(η−))
+
1
4
θ(η− − ξ−)t+ABR
Aj(X(η−))RBi(X(ξ−)). (8)
The notation of this formula is as follows. θ(ξ−) is the step function and RAi(X(ξ+))
are the Killing vectors of the coset space G/H , given by (4) and (5). The world-sheet
coordinate ξ+ in X i(ξ+, ξ−) was omitted to avoid a unnecessary complication. t+AB is the
most crucial part for our argument in this paper. It is a set of the coefficients taken from
the classical r-matrices
r± =
∑
α∈R
sgn αEα ⊗E−α ±
∑
A,B
tABT
A ⊗ TB ≡ t±ABT
A ⊗ TB, (9)
with TA the generators of the group G given in the Cartan-Weyl basis as {E±α, Hµ}, tAB
the corresponding Killing metric and sgn α = ± according as the roots are positive or
negative. The r-matrix satisfies the classical Yang-Baxter equation[11]
[r12, r13] + [r12, r23] + [r13, r23] = 0, (10)
which guarantees the Jacobi identities for the Poisson brackets(8), as will be shown later.
First of all we will show that the diffeomorphism (7) can be reproduced by using the
Poisson brackets (8). A little algebra yields
{X i(ξ−), T−−(X(ζ
−))} = δ(ξ− − ζ−)∂−X
j(ζ−)gjk(ζ
−)tABR
Ai(ξ−)RBk(ζ−)
−
1
4
θ(ξ− − ζ−)t+ABR
Ai(ξ−)RB{j;k}(ζ
−)∂−X
j(ζ−)∂−X
k(ζ−)
+
1
4
θ(ζ− − ξ−)t+ABR
A
{j;k}(ζ
−)RBi(ξ−)∂−X
j(ζ−)∂−X
k(ζ−).
This becomes
{X i(ξ−), T−−(X(ζ
−))} = δ(ξ− − ζ−)∂−X
i(ζ−), (11)
by the Killing equations (5) and the property of the Killing vectors[12]
tABR
AiRBj = gij.
4
With (11) the diffeomorphism (7) is correctly reproduced.
We remark that the above demonstration would work even if the Poisson brackets (8)
were simply given with the Killing metric tAB in place of t
+
AB. The specific choice of t
+
AB
given by (9) is required to show the Jacobi identities
Qijk ≡ {X i(ξ−), {Xj(ζ−), Xk(η−)}}+ {Xj(ζ−), {Xk(η−), X i(ξ−)}}
+ {Xk(η−), {X i(ξ−), Xj(ζ−)}} = 0. (12)
To show it, we calculate the quantities Qijk by (8) assuming that ξ− > ζ− > η−. We then
use the the Lie-Algebra for the Killing vectors (4) to find
Qijk = −
1
4
t+ABt
+
CD
[
fACER
Ei(ξ−)
]
RDj(ζ−)RBk(η−)
−
1
4
t+ABt
+
CDR
Ci(ξ−)
[
fADER
Ej(ζ−)
]
RBk(η−) (13)
−
1
4
t+ABt
+
CDR
Ci(ξ−)RAj(ζ−)
[
fBDER
Ek(η−)
]
.
Note that eq. (4) can be put in the form
RCi ∝ f CAB R
Ai
,jR
Bj ,
by using f CAB f
AB
D ∝ δ
C
D. Replace all the Killing vectors in (13) by this formula. Then it
becomes
Qijk ∝
1
4
t+ABt
+
CD
(
([TA, TC])EF ⊗ (T
B)GH ⊗ (T
D)KL
+(TA)EF ⊗ ([T
B, TC])GH ⊗ (T
D)KL
+(TA)EF ⊗ (T
C)GH ⊗ ([T
B, TD])KL
)
×REi,l(ξ
−)RF l(ξ−) · RGj,m(ζ
−)RHm(ζ−) ·RKk,n(η
−)RLn(η−).
This is vanishing due to the classical Yang-Baxter equation (10) so that the Jacobi identi-
ties (12) are satisfied. Thus it has been shown that the Poisson brackets (8) are consistent
for the canonical formalism of the non-linear σ-models (3) on the light-like plane.
3 Classical exchange algebra
We will use the Poisson brackets (8) to find the classical exchange algebra (2) in the
non-linear σ-models. Our claim is that such an algebra exists if the models admit local
composite fields Ma(X), a = 1, 2 · · · , d which change as
δMa(X) ≡ ǫAR
Ai(X)Ma,i(X) = ǫA(T
A)abM
b(X), (14)
under the isometry transformation δX i = ǫAR
Ai(X). That is, the composite fieldsMa(X)
belong to a d-dimensional representation of the isometry group G. It depends on the
5
dimension d whether one can construct such composite fields easily or not. We proceed
with the argument assuming the existence of them. By using the Poisson brackets (8) we
find that
{Ma(X(ξ−)),M b(X(ζ−))} =Ma,i(X(ξ
−)){X i(ξ−),M b(X(ζ−))}
=Ma,i(X(ξ
−)){X i(ξ−), Xj(ζ−)}M b,j(X(ζ
−))
= −
1
4
θ(ξ− − ζ−)t+AB(T
A)ac(T
B)bdM
c(X(ξ−)))Md(X(ζ−))
+
1
4
θ(ζ− − ξ−)t+AB(T
A)bc(T
B)adM
c(X(ζ−)))Md(X(ξ−)).
By using the property t+AB = −t
−
BA and the r-matrices (9) we get the classical exchange
algebra (2).
We illustrate how to construct the composite fields Ma(X) for the case of the non-
linear σ-model on the coset space SO(6)/SO(5)(= S5). The composite fields Ma(X)
transforming as (14) in the fundamental representation of SO(6) can be easily constructed.
To see this we have recourse to the Callan-Coleman-Wess-Zumino formalism. Decompose
the generators of SO(6), denoted by TA, into the SO(5) generators and the coset ones,
denoted by T ij and T i6 respectively, i.e.,
{TA} = {T i6, T ij}, i = 1, 2, · · · , 5
with T ij = −T ji and T i6 = −T 6i. Consider a quantity eiX
iT i6 with X i the coordinates
parametrizing S5. For an element g ∈ eiǫAT
A
with real parameters ǫA there exists a
compensator h(X, g) ∈ SO(5) such that
geiX
iT i6 = eiX
′
iT i6h(X, g) (15)
This defines the Killing vectors RAi (X) as
δX i = X
′i(X)−X i = ǫAR
Ai(X) (16)
So far we have not yet specified the representation space of SO(6) for the quantity eiX
iT i6.
Now we consider it in the fundamental representation as
D(ξ) =


ξ11 · · · ξ
1
5 ξ
1
6
...
. . .
...
...
ξ51 · · · ξ
5
5 ξ
5
6
ξ61 · · · ξ
6
5 ξ
6
6


≡
(
ξij ξ
i
6
ξ6j ξ
6
6
)
, ξ ≡ eiX
iT i6 (17)
The relation (15) implies that the last column vector t(ξi6, ξ
6
6) transforms as the funda-
mental representation of SO(6) by the left multiplication of g ∈ eiX
iT i6 , while it does as a
singlet of SO(5) by the right multiplication of the compensator h. Thus we find t(ξi6, ξ
6
6)
6
to be the composite fields Ma(X) obeying the transformation law (14) in the fundamen-
tal representation. Ma(X) in higher dimensional representations may be considered by
making tensor products of them. Take a totally symmetric multiproduct 6 ⊗ 6 ⊗ · · · ⊗ 6
for instance. Its traceless part gives an irreducible representation of SO(6), say d, and is
decomposed as d = 1+· · · under the homogeneous group SO(5). The existence of a singlet
implies that, when the quantity eiX
iT i6 is written as a d × d matrix, one of the column
vectors at least, say the last one t(ξ1d, · · · , ξ
d
d), can be identified with the composite fields
Ma(X) transforming as (14) in the d-dimensional representation.
Let us come back to the 6-dimensional Ma(X) obtained above as t(ξi6, ξ
6
6). D(g) is
an orthogonal matrix, so that it is a vector constrained by
∑6
a=1M
aMa = 1. It denotes
a point on S5 parametrized by the polar coordinates as


M1
M2
M3
M4
M5
M6


=


cosΘ1
sinΘ1 cosΘ2
sin Θ1 sinΘ2 cosΘ3
sin Θ1 sinΘ2 sinΘ3 cosΘ4
sinΘ1 sin Θ2 sinΘ3 sinΘ4 cosΘ5
sinΘ1 sinΘ2 sinΘ3 sin Θ4 sinΘ5


(18)
≡ eiΘ
5T 45eiΘ
4T 34eiΘ
3T 23eiΘ
2T 12eiΘ
1T 61


0
0
0
0
0
1


By a left multiplication of D(g) = D(eiǫ
ATA) it changes to a vector denoting another
point on S5. This induces a transformation of the polar coordinates (Θ1, · · · ,Θ5) in the
fundamental representation as
D(geiΘ
5T 45eiΘ
4T 34eiΘ
3T 23eiΘ
2T 12eiΘ
1T 61)
= D(eiΘ
′5T 45eiΘ
′4T 34eiΘ
′3T 23eiΘ
′2T 12eiΘ
′1T 61h(Θ, g)) (19)
with a compensator such as D(h(Θ, g))i6 = δi6[13]. The quantity e
iΘ5T 45· · · · · · eiΘ
1T 61 is
not generated by the coset generators alone on the contrary to eiX
iT i6 in (15). But both
relations (15) and (19) represent a transitive action of g on S5. Therefore (19) defines the
Killing vectors for the polar coordinates as
δΘ
′i(Θ)−Θi = ǫARAi(Θ).
They are different from the ones given by (16). We may also set up the Poisson brackets
(8) with RAi(Θ) and discuss the classical exchange algebra (2) for Ma given by (18).
7
4 Comments
The reader might think of studying the Poisson brackets (8) by using the Dirac method.
However we can see that it does not work. For the model (3) we have
πi ≡
δL
δ∂+X i
= gij∂−X
j ,
which lead us to a set of constraints
φi(ξ) ≡ πi − gij∂−X
j = 0. (20)
They are typical for the Lagrangian which is of the first degree in the velocities ∂+X
i.
According to the Dirac method[14] the Hamiltonian is merely given by
H =
∫
dξ−λi(ξ)φi(ξ),
with Lagrangian multipliers λi(ξ). Setting the Poisson brackets as {X i(ξ−), πj(η
−)}P =
δijδ(ξ
− − η−) on the light-like plane ξ+ = const. we find that
Cij(ξ
−, η−) ≡ {φi(ξ
−), φj(η
−)}P
= −gij(ξ
−)∂ξ−δ(ξ
− − η−)− gik,j(ξ
−)∂−X
k(ξ−)δ(ξ− − η−)
+gji(η
−)∂η−δ(ξ
− − η−) + gjk,i(η
−)∂−X
k(η−)δ(ξ− − η−). (21)
Here again the coordinate ξ+ was omitted from X i(ξ+, ξ−), πi(ξ
+, ξ−), φi(ξ
+, ξ−) and
gij(ξ
+, ξ−). They look like second-class constraints. But they contain both first- and
second-class constraints as follows. The consistency of the constraints requires that
{φi(ξ
−),H}P =
∫
dη−λj(η){φi(ξ
−), φj(η
−)}P = 0, (22)
which become ∇−λ
i(ξ+, ξ−) = 0. With λi = ∂+X
i they are satisfied by means of the
equation of motion (6). Therefore the quantity Cij(ξ
−, η−) is not invertible. It means
that the constraints (20) contain first-class ones.
A similar problem can be seen in the Green-Schwarz formulation of superparticle or
superstring. The Green-Schwarz superparticle[15] is given by
S ≡
∫
dtL =
1
2
∫
dte−1(X˙M − iΘ¯γMΘ˙)(X˙M − iΘ¯γMΘ˙).
The problematic constraint takes the form
φ ≡ πΘ − iΘ¯/p = 0, (23)
with πΘ =
δL
δΘ˙
and pM =
δL
δX˙M
. A simple algebra gives
Cαβ ≡ {φα, φβ}+P = −2i(γ
0/p)αβ.
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We have p2 = 0 as the equation of motion for e. Therefore Cαβ is not invertible. Thus the
constraints (23) contain both first- and second-class constraints. We do not know how to
disentangle the two classes of constraints with each other in a Lorentz-covariant manner.
This is why the Green-Schwarz superparticle can not be quantized in a covariant way.
We do not know either how to do disentanglement of the constraints (20) in an iso-
metrical way. Therefore the Dirac method hardly works for the non-linear σ-models on
the light-like plane. The author would like to propose that the geometrical arguments in
this paper give an alternative way to the Dirac method. But note that
∫
dη−Cij(ξ
−, η−){Xj(η−), Xk(ζ−)}
= δki δ(ξ
− − ζ−) +
1
2
θ(ξ− − ζ−)t+ABR
A
i;j(ξ
−)∂−X
j(ξ−)RBk(ζ−),
with the Poisson brackets (8) and Cij(ξ
−, η−) given by (21). For the special case when
the target space is flat, the second term in the r.h.s. vanishes due to RAi;j = 0. Then
Cij(ξ
−, η−) becomes invertible as
[
C(ξ−, η−)−1
]ij
≡ {X i(ξ−), Xj(η−)} = −
1
4
δij
[
θ(ξ− − η−)− θ(η− − ξ−)
]
.
Putting this in other words, eq. (22) which becomes ∂−λ
i = 0 for this case has only a
trivial solution with λi being an arbitrary function of x+, so that the constraints (20) do
not contain first-class ones at all. Consequently the Dirac method works in the standard
way.
In this paper we have shown the exchange algebra of non-linear σ-models on the light-
like plane ξ+ = const., setting the canonical structure by the geometrical arguments. Of
course the exchange algebra of non-linear σ-models can be discussed also on the space-like
plane with t = const.. The usual canonical method does work well giving an exchange
algebra for the transfer (or monodromy) matrix. But it is not a local field like Ma[6].
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